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Abstract

We establish the conjecture of Moore [1973. A note on Srinivasan’s goodness-of-fit test. Biometrika 60,
209-211] that the usual plug-in estimate of a distribution function and the Rao—Blackwell estimate of the
distribution function are asymptotically equivalent for a wide class of exponential family distributions.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Let X,..., X, be independent and identically distributed according to a distribution G which
under a null hypothems Hy, is known to belong to the parametric family {F(-;0); 0 € ©}. Under
Hy let T, be a minimal sufficient statistic for 0 and let 9 be the maximum likelihood estimate
(mle) of 6. By the plug-in estimate of the unknown cumulative distribution function (cdf) F(-; 0)
we mean F, = F(; 0,1) The Rao-Blackwell estimate is ¥, given by

Fy(x) = P(X 1 <x|T).
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[Cilliefors (1967, 1969) proposed Kolmogorov—Smirnov tests for the null hypothesis of an
exponential distribution with unknown scale parameter and for the null hypothesis of a normal
distribution with unknown mean and variance. The test statistics proposed were

Dy, = /1 sup |F(x) — F(x)],
X

where F, is the usual empirical distribution function, that is,

F,x)=n"" i 1(X;<x).
i=1

Prinivasan (1970] proposed, for the normal and exponential null hypotheses analogous
Kolmogorov—Smirnov test statistics based on F,:

D, = /n sup |F,(x) — Fy(x)|.

Both Srinivasan and Lilliefors Astudied their tests by simulation. [Kac et al. (I953] derived large
sample distribution theory for D,, in the case of tests for the normal distribution. Sukhatme (1972}
extended this to general regular families by showing that the process

V{F,(x) — Fo(x)}

converges weakly, under Hy, to a mean zero Gaussian process whose covariance depends on the

model being tested. showed the process
VAF () = Fy(x))

converges weakly to the same limit in the exponential, Normal(y, ¢*) and Uniform [0, 0] families,
by establishing that for these families

n' = sup |F(x) — Fu(x)] — 0 (1)

in probability for any 0>0 fixed. The weak convergence result is a consequence of this in the
special case 0 = 1/2. For a detailed practical discussion of tests of this type see Siephens (1986]).

We refer to (1) as Moore’s conjecture. In addition to the cases established by Moore (who
studied explicit forms for F, in the normal, exponential and uniform cases), the conjecture (1)
has been shown to hold for the inverse Gaussian family by [O’Reilly and Rueda (1992] when
0=1/2.

In Section 2 we use a uniform version of the local central limit theorem to establish (1) for
exponential families where the complete sufficient statistic has a density relative to Lebesgue
measure. We give a corresponding result for exponential families supported on a lattice and end
the section with an example showing the conjecture is not much more general than the cases
covered by our theorem. In particular the result does not hold for the N(0, 6?) curved exponential
family. The paper finishes with proofs and lemmas.
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2. Main results
2.1. Absolutely continuous distributions

We suppose our interest is to test the hypothesis that G belongs to a natural exponential family
with density, relative to Lebesgue measure, of the form

J(x:0) = c(x) exp{0'T(x) — K(0)}

with natural parameter space @ C R¥. The statistic

n

Ty=TuX1,.... X)) =Y T(X)

i=1

is complete and sufficient. The notation P, (A4) describes the plug-in estimate of Py(A), that is, the
function 0— Py(A) evaluated at 0 = 0,,.

Theorem 1. Suppose the true value 0y of 0 is in the interior of ©. Assume that there is an integer r
and a neighbourhood N~ of 0y such that T, has a bounded density relative to Lebesgue measure for
each 0 € A". Then for each fixed integer m and each 6 >0 we have

n' = sup [Py{(X1,..., X)) € H) — P{(X1,...,X,) € HIT,)| = 0
H

almost surely as n — oo. The supremum is over all Borel sets H in R™.

Remark 1. Moore’s conjecture is the special case m = 1 with the supremum taken over the smaller
class of H of the form (—oo, x]. The condition that 7', have a bounded density for some r is mild; it
is equivalent to integrability of some power of the characteristic function. (That is, if y(u) =
Ep{exp(iuT)} and there is a 0 <7y < oo such that ffooo [n(u)|” du< oo then T, has a bounded density
for all r>7v.) If T, has a bounded density for some ry it has a bounded density for all larger r (see
Bhattacharyva and Ranga Rao (1976, Section 19] for a discussion). For the normal case, for
instance, we have T, = O_ X1, ). Xf) which has a bounded density if n>3. (Foryu=0and o = 1
for instance the density is a constant multiple of £ (u, v) = (v — u?/n)" /222 1(v>u? /n) which is
bounded for n>=3.)

Remark 2. The supremum over H is the total variation distance between the measures
Py{(X1,...,Xpn) € }and P{(X1,...,Xy) € - T}

Remark 3. Through the rest of the paper all convergences of random quantities to 0 are almost
sure. It is well known that 0, — 0y almost surely.

Remark 4. notes his conjecture holds in the normal and exponential cases even
when Hj is false. It will be seen, by examining our proof, that it is not necessary for Hy to be true.
It is, however, necessary that 7', /n converge in large samples to some value of 0 for which the
conditions of the theorem apply. In the exponential case for instance we need > X;/n to converge
to a positive limit; we cannot condition on a negative value of X to compute a Rao-Blackwell
estimate. Typically, of course, exponential family models would not be used when the statistic
T,/n takes values outside the range of the mean parameter of the model.
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Remark 5. Remark 4 has implications for the consistency of goodness-of-fit tests such as that
based on D,. Suppose the true cdf of the X; is G and that G is not in the closure of Hy (that is,
there is no sequence 0, such that F(x;0,) — G(x) for all x). Then the Kolmogorov—Smirnov
statistic D, converges to oo as n — oo and the test is consistent against G. A similar conclusion
holds for D, provided G satisfies the conditions in Remark 4.

2.2. The discrete case

Now suppose X, ..., X, are discrete with
f(x;0) = Po(X1 = x) = c(x) exp{0' T(x) — K(0))

for x in some countable set 2. We assume that as x ranges over Z the function 7'(x) takes values
in a k dimensional lattice, namely, a set of the form {(a + €1h| + --- + {hy); € € {0, £1,.. .}, i =
1,...,k} for some k dimensional vectors a, hy,...,h.. We can then use a different local central
limit theorem to obtain an analogue of Theorem 1. For simplicity we assume in the proofs that
each component T';(x) of T(x) is actually integer valued and that the lattice size of the distribution
of T;(X) is 1. This amounts to saying that the greatest common divisor of

=€ P{TiX1) =j}>0,P{T«(X,) = £} >0}
is 1. Notice that the support of the distribution of 7" does not depend on 0.

Theorem 2. Suppose 0 is in the interior of ©. Assume that Vare {T(X)} is nonsingular. Then for
each fixed integer m and each >0 we have

n' 7 sup |Py{(X1,..., Xm) € HY — P{(X1,..., X)) € HIT,)| — 0
H

almost surely as n — oo. The supremum is over all subsets H in ™.

2.3. A counterexample

In both the discrete and continuous cases covered by our theorem the minimal sufficient
statistic has the same dimension as the parameter space. When this is not the case (1) will generally
not hold for § = 1/2 (or any smaller J) as the following example shows. Suppose X,..., X, are
an iid sample from the N(,6°) distribution where the unknown parameter 6 belongs to
O = (—00,0)\{0}. It is easily seen that the statistic 7, = (3_ X}, Y. X?) is minimal sufficient for
this model. Since this statistic is the canonical sufficient statistic for the larger N(u, ¢%) model the
Rao-Blackwell estimate F, of the underlying cdf of the X; is identical in the two models.

For the N(u,0?) model the plug-in estimator of F(x, 0) is

Fra(x) = &{(x — X)/6},

where X is the usual sample mean, 6* =3 X?/n— X * and @ is the standard normal cdf. As
observed in the Introduction it is well known that

VAF {4 07 () — Frnfp + 0@ ()]
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converges weakly in D[0, 1] to a mean 0 Gaussian process with covariance
Pran (8, 1) = min(s, 1) — st — J1(8)J1(2) — J2(s5)J2(2) /2,

where J(s) = ¢{P1(5)}, Ja(s) = @ '(s)J1(s) and ¢ is the standard normal density. By Moore’s
original result the same conclusion holds for the process

W= JnlF{u+ o0 ' ()} = Fpfp+ o' ()}].

For the N(6,6%) model F, is unchanged so the weak limit of 1, is unchanged. The mle of 6,
however, is now a root of the equation > X (X; — 0) = n6>. There are two roots, one positive and
one negative; the mle is the one of these roots which maximizes the likelihood. It is easily seen that
this root is consistent and that Sukhatme’s (1972] theory applies to show that

VAF{p+ 07 () — Freqlpt + 007 ()}]

converges weakly to a mean 0 Gaussian process with covariance function
Prest(s, ) = min(s, 1) — st — {J1(s) + J2()HJ1(0) + J2(0)} /3.

Since the restricted and full covariance functions are different we cannot have
nl/z{ﬁn(x) - Frest(x)} - 0

uniformly in x and so (1) does not hold for 6<1/2.

The same sort of argument may be expected to apply in any curved exponential model with
parameter space of dimension say p embedded in a natural exponential family of dimension k> p
(provided the curved family is not flat so the minimal sufficient statistic has dimension higher
than p).

3. Proofs

Proof of Theorem 1. We do the notationally simpler case m = 1 but the extension to general m is
easy. By shrinking ./" if necessary we may assume that the closure of 4" lies in the interior of @
and that the conditions on the existence of a density hold for all 0 in the closure of A". Let 1, (#; 0)
denote the density of 7', with respect to Lebesgue measure; this density exists and is bounded over
t for all 8 € A" and all n=r. For n=r+ 1 the pair (X,, T,_) has joint density (because X, is
independent of 7,_;)

S x,1,, 60 =5 0)f, (5 0).
Since T, = X,, + T,,— we see that (X, T,,) has joint density

S 1,060 = 0)f {1 — T(x); 0}

Now we observe that P(X; € H|T,) = P(X, € H|T,) so we evaluate

_ fo(XQ Of,_1{t — T(x);0}dx
Su(t;0) '

P(X, € HIT, = 1) = / (el dx
H
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The right-hand side of this formula does not depend on 6. Since the mle 0, converges almost
surely to 0y it must lie in 4" for all large n. From now on we work on the event 0, € /" and write

_ a0 fr = T(x):0,) dv
St 0n)

P(X, € HIT, =1)

or

P(X, € H|T,) = S/ 3, 00)f i - (x); 0, x
S (T3 0,)
On the other hand
Py (X1 € H)= /f(x; 9n)dx.
n H

Comparison of these two formulas shows that for 0, € N

SO u (T — T(x); 0, — (T3 0,)] dx
STz 0,) '

We will show that n'~? times the right-hand side of this inequality tends to 0. Our proof uses a
uniform version of the local central limit theorem following Bhattacharya and Ranga Rao (1976)
but using the uniform version of their results outlined by [Yuan and Clarke (2004]. Our lemma
below contains a number of well-known facts about exponential families which we use in the
sequel and in the proof of the local limit conclusion.

sup [P; (X1 € H)— P(X, € H|T,)|< Jx
H n

Lemma 1. Under the conditions of Theorem 1 the random vector T, has:

(1) moment generating function Eg[exp{¢'T(X)}] = exp{K(¢ + 0) — K(0)};
(2) mean vector nu(0) = nK'(0);

(3) covariance matrix nV(0) = nK"(0) which is nonsingular for 0 € N,

(4) finite moments of all orders which depend continuously on 0,

Moreover, for n=r the quantity {T,, — nu(0)}//n has a density q,(-; 0). There is a function, y(u, 0) =
Zlf a;(O)u; + Zijt’ bije(O)usujug such that

gp=n"0 sup sup |, (115 0) — {u, VIOHL + Y(u, 0)//n}| — 0. (2)
eN u
Here ¢(u, V) is the multivariate normal density with mean 0 and covariance matrix V. Finally the
Sunctions a; and by, depend continuously on 0.

We will not prove this lemma in detail. The conclusions in the enumerated list are well known
properties of exponential families. Non-singularity of V() follows from the existence of a density
for T,. Assertion (2) is a consequence of a uniform version of Theorem 19.2 in Bhattacharya and|
Ranga Rao (1976). The proof of our minor generalization is essentially that outlined by
CTarke (2004]. To get the conclusion with n'~° it is necessary to use the Edgeworth expansion up
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to order 4 given by Bhattacharya and Ranga Rao. Finally the quantities @; and b;;, are functions

of moments of order 3 and so are continuous by the earlier assertions in the theorem.

The density of T, and the density g, are related by
Salt:0) = n=*q,[n™" 2t — nu(0)}; 6].
Moreover T, and 0, are related by T, = nu(@,,). Thus by Lemma 1
12 (T, On) = $10, V(00)) = 2n) ™ det(V(60)) ™',

We must therefore show that
D=0 / SO0V AT — T(x); 04} — £ (T3 0,)] dx — 0.
R

Introduce the shorthand notation

(T = T(0) = (2 = Du(@)) _ {u(6) = T(0))
n—1 n—1

An(x) =

Written in terms of g, we then have
St To = T 0,) = (0 = )7™q,_ {4,(); 0,).

Thus our problem reduces to showing that

\ . k)2 A -
nl—b /f(x’ Gn) ( i 1) qn_1 {An(X), Gn} - qn(O, en)
R n

dx — 0.

Lemma 1 guarantees sup, g« SUPge_ i~ SUP, =, q,(u, 0) <oo. Thus

o= [rwia{ (1) = et ax— o
R

n—1

Put H,(x) = 1 + y{4,(x); @n}/\/ﬁ. In view of Lemma 1 we have

n'=? / S 001 {An(x); 00} = $LAn(x); 0, () dx <y — 0.
R

Similarly
#0010, 105 V(@) = 910, VD d <, — 0.
R
From (4)—(7) and the triangle inequality we need only show

n'=’ /Rf (6, 0 p{An(x); 0} Ho(x) — $10, V(B,)} dx — 0.

(€)

(4)

)

(6)

(7

®)

Split the domain of integration into two pieces. Fix « with 0<a<d/2. Put I} = {x: Lu(@n) —
T(x)|<n*} and I, = {x : |u(8,) — T(x)| >n"}. Over I use Taylor expansion of ¢ and ¥ near 0 and

over I, Markov’s inequality.
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For x € I} we have ||4,(x)||<n*/v/n—1 <2n*~'/2. The smallest eigenvalue of V() is bounded
away from 0 over ./ and so
A"V 0,0y Au(x) < Co!

for some constant C; and all x € ;. Since |1 — exp(—x)|<x for all x>0 and infyc - det{}V'(0)} >0
there is a constant C, such that for all x € I;

LA V(D)) = $10, V(D)) < Con™ . 9)
Finally the polynomial structure of s shows there is a constant C3 such that
WA AL(); V (O} < Can* ™2 (10)

for all x € I;. Now combine (9) and (10) to see that
0| F 00 {AN(X); 0.} H () — $10, V(D)) dx
I,

<C2n1—5+(206—l) + C3n1—5+(a—l/2)—l/2 — C2n20<—5 + Csncx—(s - 0. (11)

Since the statistic 7" has finite moments of all orders and all these moments depend continuously
on 0 there is, for each s, a constant D, such that

D,
sup Po{|T(X) — p(0)] >n"} < -2
e N n

Thus on the event @n € /" we have
D

s
nse '

f(x, @,,) dx<

I,
Take s = 1/o. Combine (12) and (11) to get (8), finishing the proof. [

(12)

Proof of Theorem 2. Again take m = 1. Let f,(¢;0) = Po(T, = t). Then

erH PlX,=x;T,_1 =1— T(x)}
Po{T, =1} '

We use the independence of T,_,, and (X,_,+1,...,X,) and the fact that this conditional
probability does not depend on 0 to write

erHf(x; én)fn—l{Tn - T(X); én}
S (T3 0n)
As in the continuous case this gives the bound

sup |Py{X € H} — P{X, € H|T,}|
H

P(X, e H|T,=1)=

P{X, € H|T,) =

< S @O (Tt = TC: 0} =T )]
S (T3 0)

Finish the proof as for Theorem 1 using the following local central limit theorem. O
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Lemma 2. Under the conditions of Theorem 2 the vector T, has mean nu(0) = nK'(0) and covariance
nK"(0). There is a function, Y(u, 0) of the form Y (u,0) = Zlf ai(Ou; + 30 bije(O)uiuue such that

n' =0 sup sup [n'?Po(T,, = 1) — plu, VO + Y(u,0)//n}| — 0,

Oe N yeRK

where u = n="?{t — nu(0)}. The functions a; and bije are continuous.
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