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4.1.1 Poisson distribution

What are commonly-used distn models for a r.v. Y, the
count of random events?

» Bionomial Distn. Y ~ B(n,n) with the pmf

n
(1l —m)"Y, =0,1,...,n
pty =y =pn=| (7 )7a=mr s
0, otherwise

e.g. the Bernoulli distn: B(1, 7).

» Poisson Distn. Y has a Poisson distribution, denoted by
Y ~ Poisson(p), if its pmf is

Yefﬂ
PIY=y)=pl) =" = y=012...

The distn is named after S.D. Poisson (1781-1840).



4.1.1 Poisson distribution

Remarks:

» The Poisson distn is especially good at modelling rare events.
» P(X=0)=¢e*
» R functions with Poisson distn: dpois(), rpois(), gpois()

Properties: For r.v. Y ~ Poisson(u),
> E(Y) = Var(X)=p
» If Y1 L Yy and Y; ~ Poisson(u1), Yo ~ Poisson(uz),

Y1 + Ya ~ Poisson(pu1 + 112)



4.1.1 Poisson distribution

Recall that the binomial pmf may be difficult to calculate. It turns
out the binomial distn can sometimes be approximated by a distn
easier to calculate.

Proposition. Bin(n,0) ~ Poisson(nf) if n is much larger than n6.
Rationale (without being rigorous): for a fixed y,

) y n— y
< n >9y(1_9)n—y:”(”0)<1_”0> N
y yl' ny n y!

as n — oo and nf fixed as .

Proposition. Poisson(p) ~ N(u,c?) for large p with 02 = p.



4.1.2 Inference with Poisson distribution

Given a random sample Yi,..., Y, from Poisson(u),

L(p|data) = H

& i !

YIe I

MZ Yig=nu

— MLEof pisfi=Y.
» MLE of u is the same as the sample mean.

» Var(fi ,u/n:>Var p) =pa/n.



4.1.2 Inference with Poisson distribution

Given a random sample Yi,..., Y, from Poisson(i), 100(1 — a)%
Cls for p

» Wald Cl:

A+ 2y oo/

> score-type: based on the score statistic Z = \’“};ﬂ for
po/n

Ho : pp= po =

(,\ Z12—04/2 1 ~ 2
et 2n ) + Zl_a/2\/n ('u + Zl*a/2/4n>

» Clopper-Pearson Cl: (the exact Cl)
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4.2.1 Introduction to Poisson regression models

Poisson Regression Model (Loglinear Model): Consider the
response Y|x ~ Poisson(p(x)) and assume

log[1(x)] = a + Bx

equivalently to u(x) = exp(a + Sx).
» u(x) >0 for all x
» [3's interpretation: when x 1 x + Ax,
- B=0= pu(x) = e
> 8> 0= pu(x) T p(x)e’s;
> B<0= p(x) L p(x)e’s



4.2.1 Introduction to Poisson regression models

Poisson Regression Model (Loglinear Model): Consider the
response Y|x1,...,xx ~ Poisson(p(xi,...,xk)) and assume

log[u(x1, - -+, xk)] = Bo + Brx1 + ... + Brxk

equivalently to u(xy,...,xk) = exp(Bo + fix1 + ... + Bk xk)-

> u(x1,...,xk) >0 forall x1,...,xk

» [31's interpretation with fixed xo, ..., xx: when x; T x; + Ax,
» B1=0= pu(xi,...,xg) stays the same efotBzet 4B,
> B1>0= plxa,. .., xk) T u(x,. .., xk)ehB,

> B < 0= plxt,. .., xx) 4 p(x, ... ,xK)edrAx



4.2.2 Poisson regression analysis

Statistical Inference with Poisson Regression (Loglinear)
Models

For the count response Y and explanatory variables X with

Y|X = x ~ Poisson(p(x)), and data {(yi,x;) : i =1,...} from n
indpnt individuals: the likelihood function is

n )i
T | )

i=1

v

Estimation of «, 3: MLE and CI?

Estimation of u(x): MLE and CI?

Testing on hypotheses about «, 3: e.g. Hp: 8 =07
Model Comparison/Checking? [to be studied)]

v

v

v



4.2.2 Poisson regression analysis

Example. Revisit 4 to the Horseshoe Crab Study: (Regression
with Count Response) Y=number of satellites; X=width

Assume Y ~ Poisson(j(x)) with
» Model A. Linear mean model: p(x) = a + fx;

A

& = —11.53(2.832), B = .55(.107)
with R function gim(formula, family = gaussian)

» Model B. Loglinear mean model: log (u(x)) =a+ Bx;

& = —3.305(.542), 3 = .164(.020)
with R function gim(formula, family = poisson)
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What if to consider other explanatory variables?
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What will we study next?

1. Introduction and Preparation
2. Analysis with Binary Variables (Chp 1-2)
3. Analysis with Multicategory Variables (Chp 3)

4. Analsyis with Count Response (Chp 4)

» 4.1 Poisson Model for Count Data (Chp 4.1)
» 4.2 Poisson Regression Analysis (Chp 4.2)
» 4.3 Additional Topics on Count Responses (Chp 4.3-4)
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