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Multiple logistric regression

• Binary response Y (e.g. success (1)/failure (0))

• Several explanatory variables X1, . . . , XK

• Y |X1 = x1, . . . , XK = xK ∼ Bernoulli(π(x1, . . . , xK))

• Model
logit(π(x1, . . . , xK)) = ln π(x1, . . . , xK)

1 − π(x1, . . . , xK)
= α + β1x1 + · · · + βKxK

or, equivalently,
π(x1, . . . , xK) = exp(α + β1x1 + · · · + βKxK)

1 + exp(α + β1x1 + · · · + βKxK)
∈ (0, 1)

– βi = logit(π(x1, . . . , xi = 1, . . . , xK)) − logit(π(x1, . . . , xi = 0, . . . , xK)), the effect of X1 on the
logarithm of odds of Y = 1, if Xi is binary, controlling the other explanatory variables

Inference for α, β1, . . . , βK

• MLE
(α̂, β̂1, . . . , β̂K)T ∼ N((α, β1, . . . , βK)T, Σ)

with Σ = (nI)−1 and Fisher information matrix I

• Approximate 95% joint CI{
(α, β1, . . . , βK)T : (α − α̂, β1 − β̂1, . . . , βK − β̂K)Σ−1(α − α̂, β1 − β̂1, . . . , βK − β̂K)T ≤ χ2

.95(K + 1)
}

– for any subset of {α, β1, . . . , βK}, the joint CI can be obtained by subsituting the corresponding
submatrix of Σ for the entire Σ

• Hypothesis Testing, e.g, on H0 : β1 = β2 = 0 vs H1 : β1 = 0 or β2 = 0

– Wald
χ2

obs = (β̂1, β̂2)Σ−1(β̂1, β̂2)T ∼ χ2(2)

approximately under H0 when n ≫ 1

– lrt
G2

obs = −2 ln max L(α, 0, 0, β3, . . . , βK)
max L(α, β1, β2, β3, . . . , βK)

∼ χ2(2)

approximately under H0 when n ≫ 1
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Inference for π(x1, . . . , xK)

• MLE

π̂(x1, . . . , xK) = logit−1(α̂ + β̂1x1 + · · · + β̂KxK) = exp(α̂ + β̂1x1 + · · · + β̂KxK)
1 + exp(α̂ + β̂1x1 + · · · + β̂KxK)

• Approximate 95% CI for logit(π(x1, . . . , xK))

α̂ + β̂1x1 + · · · + β̂KxK ± 1.96
√

(1, x1, . . . , xK)Σ(1, x1, . . . , xK)T

• Approximate 95% CI for π(x1, . . . , xK)

logit−1
(

α̂ + β̂1x1 + · · · + β̂KxK ± 1.96
√

(1, x1, . . . , xK)Σ(1, x1, . . . , xK)T
)

More about predictors

• Transformation of predictors
– Interaction

∗ e.g., x1x2
– General function

∗ e.g., h(x1)
• Predictor with multiple levels

– Qualitative: split it into multiple binary predictors
– Quantitative: take it as a single ordinal predictor

Demo

The data included in “Arthritis” in package “vcd” is from Koch & Edwards (1988) after a double-blind
clinical trial investigating a new treatment for rheumatoid arthritis.
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